In this brief, we provide optimal control-based strategies to explore the dynamic capabilities of a single-track car model that includes tire models and longitudinal load transfer. First, we propose numerical tools to analyze the equilibrium manifold of the vehicle. That is, we design a continuation and predictor-corrector numerical strategy to compute the cornering equilibria on the entire range of operation of the tires. Second, as a main contribution of this brief, we explore the system dynamics by the use of nonlinear optimal control techniques. Specifically, we propose a combined optimal control and continuation strategy to compute aggressive car trajectories. To show the effectiveness of the proposed strategy, we compute aggressive maneuvers of the vehicle inspired to testing maneuvers from virtual and real prototyping.
I. INTRODUCTION
A NEW emerging concept in vehicle design and development is the use of virtual vehicles, i.e., software tools that reproduce the behavior of the real vehicle with high fidelity. They allow car designers to perform dynamic tests before developing the real prototype, thus reducing the costs and time to market. This engineering area is called virtual prototyping. The basic idea is to build a mathematical model to obtain important information on the dynamic behavior of the car and then make important analyses before construction of the prototype.
To explore the dynamic capabilities of a vehicle or to design control strategies, it is important to develop dynamic models that capture interesting dynamic behaviors and, at the same time, can be described by ordinary differential equations of reasonable complexity. Many models have been introduced in the literature to describe the motion of a car vehicle both for simulation and control [2] - [4] . The bicycle model is a planar rigid model that approximates the vehicle as a rigid body with two wheels. It is widely used in the literature, because it captures many interesting phenomena concisely. However, this model does not capture some important dynamic effects. One of them is load transfer. The most natural way to model load transfer would be to add suspension models. Using an idea developed in [5] , see also [6] and [7] , we model tire normal loads by computing the reaction forces of the ground at the two contact points. The resulting single-track model extends the capabilities of the well-known bicycle model. We call this model LT-CAR, where LT stands for load transfer.
Car dynamics analysis at maximum performance has been widely investigated in the literature. We provide an overview of the relevant literature for this brief. First, an analysis of the equilibrium manifold for race vehicles is performed in [6] and [8] . In particular, existence and stability of cornering equilibria, i.e., steady-state aggressive turning maneuvers and bifurcation phenomena are investigated. In [9] , novel steadystate solutions are computed: powerslide and overdraw steering cornering equilibria are characterized by large positive steering angles and large negative steering angles, respectively. In [10] and [11] , high sideslip (drifting) steady-state cornering maneuvers are examined both in simulation and experiments. Aggressive nonsteady-state cornering maneuvers for rally vehicles were proposed in [5] (see also [12] ) and [13] . In [5] , trajectories comparable with real testing driver maneuvers were obtained by solving a suitable minimum-time optimal control problem, whereas in [13] , stability and agility of these maneuvers were studied. In [14] and [15] , minimumtime trajectories of Formula One cars were designed by means of numerical techniques based on sequential quadratic programming and direct multiple shooting, respectively. In [16] and [17] , the influence of the vehicle mass and center of mass on minimum-time trajectories were studied.
The contributions of this brief are as follows. First, we design a numerical strategy based on zero finding techniques combined with predictor-corrector continuation methods [18] to compute the equilibrium manifold on the entire range of operation of the tires. Namely, we study the set of cornering equilibria, i.e., trajectories of the system that can be performed by the use of appropriate constant inputs. To the best of our knowledge, this is the first strategy to systematically explore the equilibrium manifold on the entire tire operation range. For example, in [6] , [8] , [11] , and [19] , only some snapshots of the equilibrium manifold are computed and analyzed. To show the effectiveness of the proposed method, we show slices of the equilibrium manifold using the parameters of a sports car with rear-wheel drive transmissions given in [20] .
Second, we develop a trajectory exploration strategy, based on nonlinear optimal control techniques introduced in [21] , to explore the aggressive vehicle trajectories for dynamic analysis at the limits of its capabilities or to generate maneuver primitives for online trajectory generation and tracking methods, see [22] . Clearly, given a vehicle model, one could just pose a nonlinear optimal control problem and apply standard machinery to solve it. The strategy that we propose goes beyond this straightforward machinery. Indeed, optimal control problems are infinite dimensional optimization problems that, therefore, can lead to local minima with significantly different structures. This is crucial in vehicle dynamics exploration, because the local minimum could be a trajectory that is not representative of the actual vehicle behavior. We highlight that our strategy and the one developed in [19] are based on the same optimal control techniques, yet they are significantly different. In [19] , a dynamic embedding approach was used. That is, a fictitious input was added to the system and the resulting optimal control problem was solved. In this brief, we do not add any additional input, but we propose a strategy based on the following main idea. Given a desired pathvelocity profile, we design a full state-input desired curve and look for a vehicle trajectory minimizing a weighted L 2 distance from the desired curve. To solve this optimal control problem, we design an initial nonaggressive desired curve and morph it to the actual one. For each temporary desired curve, we solve the optimal control problem by initializing the numerical method with the optimal trajectory at the previous step. This continuation idea resembles the learning process of a test-driver when testing the capabilities of a real vehicle.
The rest of this brief is organized as follows. In Section II, we introduce the LT-CAR model. In Section III, we characterize the equilibrium manifold and provide a comparison with the standard bicycle model. Finally, in Section IV, we describe the strategy for trajectory exploration and provide numerical computations performed on virtual and real testing tracks.
II. LT-CAR MODEL
In this section, we briefly introduce the car model with load transfer (LT-CAR). The vehicle dynamics is based on a model developed in [5] and [6] . In [23] , we provide a rigorous derivation of the model based on the Lagrangian approach. The basic idea of this model is to compute the normal tire forces by means of the reaction forces at the ground contact points. This allows one to model load transfer without adding suspension models. The car model is a single planar rigid body with five degrees of freedom: longitudinal, lateral, and vertical displacements, and yaw and pitch angles. It is constrained to move in a plane interacting with the road at two body-fixed contact points. The center of mass and the two contact points lie within a plane with the center of mass located at distance b from the rear contact point and a from the front one.
A planar view of the rigid car model is shown in Fig. 1 . The body-frame of the car is attached at the rear contact point with x-y-z axes oriented in a forward-right-down (north-eastdown) fashion, in accordance with the SAE J670e standard. The orientation R of the (unconstrained) rigid car model is parameterized, using a Roll-Pitch-Yaw convention, as follows:
where θ and ψ are respectively the pitch and yaw angles (we use the notation c ψ = cos(ψ), and so on.). Each contact-point/road-plane interaction is modeled using a suitable tire model as, e.g., the Pacejka model [24] . First, we clarify our notation. We use a subscript "f" ("r") for quantities of the front (rear) tire. When we want to give a generic expression that holds good both for the front and the rear tire, we just suppress the subscript. Thus, for example, we denote the generic normal tire force f z , meaning that we are referring to f f z for the front tire and f rz for the rear one.
The tire model relies on the following assumption: the rear and front forces tangent to the road plane, f x and f y , depend linearly on the normal forces, f z . Thus, the combined slip forces are
where κ and β are the longitudinal and lateral slips. The pure longitudinal slip f x0 (κ), the pure lateral slip f y0 (β), and the loss functions for combined slip g xβ (κ, β) and g yk (κ, β) are defined by
The tire parameters, i.e., d x , c x , b x , e x , c xβ , r bx1 , r bx2 , d y , c y , b y , e y , c yκ , r by1 , r by2 , used in this brief are given in [23] .
Next, we introduce a simplified tire model that will be used to design approximate trajectories (trajectories of a simplified car model) characterized by contact forces that cannot be generated by the Pacejka's model. This simplified tire model, [2] , [20] , relies on the following assumptions: 1) the longitudinal force is directly controlled; 2) the relationship between the lateral force f y and the sideslip β is linear; and 3) the longitudinal and lateral forces, f x and f y , are decoupled. We call the simplified car model obtained by using this tire approximation the Linear Tire LT-CAR (LT 2 -CAR).
We derive the dynamics of the system with respect to the following generalized coordinates q = [x, y, ψ, z, θ] T = [q r , q c ] T . The coordinates q r = [x, y, ψ] T are the reduced unconstrained car coordinates, while q c = [z, θ] T are the constrained coordinates. Then we constrain the contact points to the road plane to compute the normal tire forces as reaction forces. These forces are incorporated into the equations of motion allowing the explicit calculation of the front and rear contact point forces, f f z and f rz . Using Euler-Lagrange approach, we are able to derive the car dynamics in the following form:
See [23] for more details. From (1), we have a dynamic model explicitly depending on the unconstrained coordinates q r and an explicit expression for the normal forces that can be used to predict the load transfer (hence the name Load Transfer CAR). We assume to control the front-wheel steer angle δ, and the longitudinal slips κ r and κ f . We want to point out that, depending on the analysis, one can control the two longitudinal slips independently or a combination of the two. For example, in the equilibrium manifold analysis and in the second trajectory exploration scenario, we will set κ f = 0 and use only κ r as control input (rear-wheel drive). Because the dynamics does not depend on the positions x and y, and the orientation ψ, we can work directly with the longitudinal and lateral velocities v x and v y . The dynamics equations are given in (2) , shown at the bottom of the page: m is the vehicle mass, h is the height of the mass center from the ground, I zz and I xz are the moments of inertia of the vehicle about the vertical axis and x-z plane, g is the gravity acceleration, and β f (β r ) is the front (rear) sideslip angle. One more version of the dynamics, see (3) , shown at the bottom of the page, is obtained by choosing as states the vehicle speed v and the vehicle sideslip angle β(= β r ), where tan β = v y /v x . This change of coordinates will be helpful for the equilibrium manifold computation in Section III.
To summarize, we have a family of car models, providing different insights depending on the features to investigate. For example, model (3) is used to solve the equilibrium manifold (it is natural to parameterize equilibrium trajectories by means of v and β); model (2) is used for trajectory exploration.
III. EQUILIBRIUM MANIFOLD
In this section, we analyze the equilibrium manifold of the car model, i.e., the set of trajectories that can be performed using appropriate constant inputs. To define an equilibrium trajectory, we refer to the car model in the form (3).
The equilibria are obtained by enforcing
The corresponding trajectory of the full car model (including position and orientation) is a circular path at constant speed v, yaw rateψ, and vehicle sideslip angle β. Becauseβ = 0, the lateral acceleration is given by a lat = vψ and expressing the accelerations in the body frame as follows:
we have a x = −a lat sin β, a y = a lat cos β,ψ = a lat /v. Now, referring to the dynamic model (3), we set the constraints (4) and we get two equations for the load transfer in equilibrium condition
a + b and the following three equations for the system dynamics:
For the clarity of the presentation, we perform the equilibrium manifold computation using only the rear slip κ r as control input (and setting the longitudinal one, κ f , to zero). Substituting the expression of the normal forces f f z and f rz into (5), we obtain a nonlinear system of three equations in five unknowns (v, a lat , β, δ, and κ r ), so that the equilibrium manifold is a 2-D surface. We parameterize the equilibrium manifold in terms of car speed and lateral acceleration (v and a lat ), so that the slip angle, steer angle, and longitudinal slip (β, δ, and κ r ) are obtained by solving the nonlinear equations in (5) .
We solve the nonlinear system using a predictor-corrector continuation method, as described in [18] , relying on the continuity of the equilibria with respect to the equilibrium manifold parameters v and a lat . Next, we describe the predictorcorrector continuation method applied to the equilibrium manifold of our car model. We fix the velocity v and explore a 1-D slice of the manifold. First, we provide a useful lemma from [18] .
Lemma [18, Lemma 2.1.3] : Let : R n+1 → R n be a smooth nonlinear function such that (η 0 ) = 0 for some η 0 ∈ R n+1 and let the Jacobian matrix D (η 0 ) ∈ R n×(n+1) have maximum rank. Then, there exists a smooth curve s ∈ [0, s 1 ) → c(s) ∈ R n+1 , parameterized with respect to arc length s, for some open interval [0, s 1 ) such that for all s ∈ [0, s 1 ): 1) c(0) = η 0 ; 2) (c(s)) = 0; 3) rank(D (c(s))) = n; and 4)ċ(s) = 0.
Let η = [a lat , β, δ, κ r ] T , and let (η) = 0 be the nonlinear system in (5) , with : R 4 → R 3 . The next proposition shows that there exists a 1-D manifold of solution points.
Proposition 3.1 (Equilibrium Manifold Well Posedness): Given the nonlinear system in (5), the following holds true:
Proof: The proof is given in [23] . To numerically trace the curve c efficiently, we use a predictor-corrector method. The main idea is to generate a sequence of points along the curve η i , i = 1, 2, . . ., satisfying a given tolerance, say (η i ) ≤ ν for some ν > 0. For ν > 0 sufficiently small, there is a unique parameter value s i such that the point c(s i ) on the curve is nearest to η i in Euclidean norm. Thus, points along the curve c are generated as follows. Suppose that a point η i ∈ R 4 satisfies the chosen tolerance ( (η i ) ≤ ν). If η i is a regular point of , then there exists a unique solution curve c i : [0, s 1 ) → R 4 satisfying the initial value problem (6) with initial condition η(0) = η i .
To obtain a new point η i+1 along c, we make a predictor step as a simple numerical integration step for the initial value problem. We use an Euler predictor:
where > 0 represents a suitable step size. The corrector step computes the point ω i+1 on c which is nearest to α i+1 . The point ω i+1 is found by solving the optimization problem
If the stepsize is sufficiently small (so that the predictor point α i+1 is sufficiently close to the curve c), the minimization problem has a unique solution ω i+1 . We compute ω i+1 using a Newton like method. The Newton point N (α) for approximating the solution of (7) is given by
where † indicates the Moore-Penrose inverse. The predictor-corrector continuation method used in this brief thus consists of repeatedly performing these predictor and corrector steps as shown in the pseudocode as follows.
We compute and compare the equilibrium manifold for the car model with and without load transfer (i.e., LT-CAR and bicycle model), and with nonlinear and linear tire model (i.e., LT-CAR and LT 2 -CAR model). The model parameters are those of a rear-wheel-drive sports car given in [20] .
Slices of the equilibrium manifold for fixed velocities v = (20, 30, 40) m/s (in blue, green, and red lines) are shown in Fig. 2 . The plots are given only for positive values of the lateral acceleration due to the symmetry of the equilibrium manifold with respect to a lat .
Algorithm 1 Predictor-Corrector Continuation Method
Require: initial equilibrium condition η 0 such that (η 0 ) = 0 for i = 0, 1, 2 . . . do set the initial steplength i = ; loop get predictor step:
For low longitudinal and lateral slip a first class of equilibria appear. These equilibria are close to the ones with the linear tire approximation (the solid lines in Fig. 2 are close to the dot lines). Indeed, for low slip (β r , β f < 5 deg and κ r < 0.05), the tires work within their linear region. To characterize the vehicle behavior in this region, we can use the understeer gradient [25] 
where K a = a + b/v 2 is called Ackermann steer angle gradient. The vehicle is said to be understeering if K us > 0, neutral if K us = 0, and oversteering if K us < 0. As shown in Fig. 2(d) and (h), the steer angle gradient is slightly negative, which suggests an oversteering behavior K us < 0.
For high values of longitudinal and lateral slip, the nonlinear tire forces can saturate. It is worth noting that such a global picture of the equilibrium manifold gives a first understanding of both the vehicle limits and the different operating regions. For example, it shows where the maximum value of lateral acceleration is reached and the equilibrium manifold departs from the linear tire approximation. We highlight that the linear tire car model can generate a lateral force for a wider range of lateral acceleration. This fact will be used in the trajectory exploration strategy for the generation of a desired curve. Indeed, a starting point of the strategy is to exploit the global picture of the equilibrium manifold to get an intuition of what aggressive trajectories might look like. Then, additional equilibria appear, characterized by large sideslip and steering angles, called powerslide and overdraw steering in [9] . Once again, highlighting the presence of these significantly different operating regions gives extremely useful insights both in the dynamics analysis and in the design of control strategies. Finally, we observe a significantly different structure of the equilibrium manifold for the LT-CAR and the bicycle model, which gives evidence of the importance of taking into account the load transfer phenomenon. Fig. 2(a) required, Fig. 2(c) and (g). The influence of the load transfer is clear and it is testified by the different shape of the steer angle also [ Fig. 2(d) and (h) ]. The reader can refer to [23] for a more detailed analysis.
IV. NONLINEAR OPTIMAL CONTROL-BASED TRAJECTORY EXPLORATION
In this section, we describe the trajectory exploration strategy and provide numerical computations showing its effectiveness.
A. Exploration Strategy Based on Least-Square Optimization
Complex dynamic interactions make the development of maneuvers highly nontrivial. To this end, we use nonlinear least squares trajectory optimization to explore system trajectories. That is, we consider the optimal control problem min x(·),u(·)
where Q, R, and P 1 are positive definite weighting matrices, for z ∈ R n and W ∈ R n×n , z 2 W = z T W z, (x d (·), u d (·)) is a desired curve, and T > 0 is a fixed final time.
We propose an optimal control based strategy to solve the optimal control problem (8) and compute aggressive vehicle trajectories. The strategy is based on the projection operator Newton method developed in [21] . Using a time-varying trajectory tracking control laẇ
a state-input curve can be projected onto the trajectory manifold. That is, (9) defines the projection operator
mapping the curve ξ to the trajectory η. Using the projection operator to locally parameterize the manifold of bounded trajectories (x(·), u(·)) on [0, T ], the constrained optimization problem (8) can be converted into an unconstrained one, so that a Newton descent method can be used, see [21] . We stress that the projection operator Newton method, as any other descent method, guarantees the convergence to a local minimum of the optimal control problem in (8) . Thus, a naive application of this method (or any other available optimal control solver) may let the algorithm converge to a (local minimum) trajectory that is too far from the desired curve and does not contain useful information on the vehicle capabilities. To deal with this issue, we develop an exploration strategy based on the following features: 1) choose a desired state-input curve that well describes the desired behavior of the vehicle; 2) embed the original optimal control problem into a class of problems parameterized by the desired curve; and 3) design a continuation strategy to morph the desired curve from an initial nonaggressive curve up to the target one.
1) Desired Curve Design: The path and the velocity profile to follow on that path are usually driven by the exploration objective. For example, in the two computation scenarios, we want to understand the vehicle capabilities in following respectively a chicane at maximum speed and a real testing track at constant speed. How to choose the other portion of the desired curve (i.e., the remaining states and the inputs) strongly affects the exploration process. We use a quasi trajectory that, with some abuse of notation, we call quasi-static trajectory.
Given the positions x d (t), y d (t), the velocity v d (t), and the curvature σ d (t), t ∈ [0, T ], we impose the equilibrium conditions (4) for the desired velocity and path curvature at
andψ qs (t) = v d (t)σ d (t), we compute the corresponding equilibrium value for the sideslip angle, β qs (t), the yaw rate, ψ qs (t), and the yaw angle, ψ qs (t), together with the steer angle, δ qs (t), and the rear and front longitudinal slips, κ r qs (t) and κ f qs (t), by solving the nonlinear equations (5) . Thus, the quasi-static trajectory (x qs (t), u qs (t)), t ∈ [0, T ], is given by
When only the desired position and velocity curves are available, we set the desired curve as the quasi-static trajectory, i.e., ξ d = (x qs (·), u qs (·)). In doing this choice, we remember that the positions and velocity profiles are the ones we really want to track, whereas the other state profiles are just a guess.
Remark 4.1: Because we are interested in exploring limit vehicle capabilities, we will study, as it happens in realprototype tests, aggressive maneuvers characterized by the fact that the tire forces are in the saturated region. Thus, it can happen that a quasi-static trajectory cannot be found (we are out of the equilibrium manifold). If this is the case, we generate the desired curve by using the linear tire car model, i.e., LT 2 -CAR. By using LT 2 -CAR, we can compute the quasi-static trajectory, and thus the desired curve. Then the optimal control-based strategy takes care of finding a trajectory of LT-CAR with lateral accelerations satisfying the tire limits.
2) Initial Trajectory and Optimal Control Embedding: With the desired curve in hand, we still have the issue of choosing the initial trajectory to apply the projection operator Newton method. Experience shows that, a quasi-static trajectory characterized by low values of longitudinal and lateral accelerations is close to the trajectory manifold. This observation motivates and inspires the development of an embedding and continuation strategy. We parameterize the optimal control problem in (8) with respect to the desired curve. Namely, we design a family of desired curves that continuously morph a quasi-static trajectory with a non-aggressive velocity profile into the actual desired (quasi-static) curve.
3) Continuation Update Rule: We start with a nonaggressive desired curve, ξ 1 d = (x 1 d (·), u 1 d (·)), and choose as initial trajectory, ξ 1 0 , the projection of the desired curve, ξ 1 0 = P(ξ 1 d ). That is, we implement (9) with (α(·), μ(·)) = (x 1 d (·), u 1 d (·)). Then, we update the temporary desired curve, ξ i d , with the new curve in the family, ξ i+1 d , (characterized by a more aggressive velocity profile on the same track) and use as initial trajectory for the new problem the optimal trajectory at the previous step. The procedure ends when an optimal trajectory is computed for the optimal control problem with temporary desired curve equal to the target one.
Next, we give a pseudo code description of the exploration strategy. We denote PO_Newt(ξ i , ξ d ) the local minimum trajectory obtained through the projection operator Newton method for a given desired curve ξ d and initial trajectory ξ i .
Algorithm 2 Exploration Strategy
Require: desired path and velocity x d (·), y d (·) and v d (·) compute: desired curve ξ d = (x qs (·), u qs (·)); design: ξ i d , i ∈ {1, . . . , n}, s.t. P(ξ 1 d ) ξ 1 d and ξ n d = ξ d ; compute: initial trajectory ξ 1 0 = P(ξ 1 d ). for i = 1, . . . , n do compute: ξ i opt = PO_Newt(ξ i 0 , ξ i d ); set: ξ i+1 0 = ξ i opt ; end for Ensure: ξ opt = ξ n opt .
B. Aggressive Maneuver on Chicane and Model Validation
As first computation scenario, we perform an aggressive maneuver using a multibody dynamics tool to generate the desired curve. The objective of this computation scenario is twofold: 1) we show the effectiveness of the exploration strategy in finding an LT-CAR trajectory close to the desired curve and 2) we validate the LT-CAR model by showing that the desired curve, which is a trajectory of the virtual vehicle, is in fact almost a trajectory of the LT-CAR model.
The desired curve is obtained as follows. We set as desired path the chicane depicted in Fig. 3(a) . To obtain the desired velocity profile, we set the initial velocity to 150 km/h (41.67 m/s), and invoke a routine of the multibody toolbox generating a velocity profile to drive the vehicle on the given path at maximum speed, under a maximum acceleration (a max ). The remaining desired state curves are obtained by means of a closed-loop controller that drives the virtual vehicle on the given path with the given velocity profile. The desired inputs are set to zero as they do not have an immediate correspondence with the inputs of the virtual vehicle. They are weighted lightly, thus giving the optimization the necessary freedom to track the states. With this desired trajectory in hands, to run the exploration strategy, we need to define the initial trajectory and the continuation update rule for the desired trajectory morphing.
The exploration strategy for this maneuver is as follows. Initially, we limit the maximum acceleration parameter to 50% of the desired one (a max0 = 50% a max ). This gives a trajectory that can be easily projected to the LT-CAR model to get a suitable initial trajectory. Then, we increase the vehicle capabilities of a 10% acceleration step size until the desired maximum acceleration is reached. For each intermediate step, we set the virtual vehicle trajectory as temporary desired trajectory and the optimal trajectory at the previous step as initial trajectory.
In Fig. 3 , we show the main plots of the first computation scenario. From the numerical computations, we observed a fairly good position tracking. The position error was < 0.1 m. In Fig. 3(b) , we show the lateral acceleration profile followed by the LT-CAR model versus the virtual vehicle one. The light dot lines show the temporary optimal lateral accelerations obtained during the continuation updates. In Fig. 3(c) and (d) , we report respectively the longitudinal and lateral velocity profiles. The maximum error is < 0.36 m/s for the longitudinal velocity and < 0.07 m/s for the lateral one. Comparing Fig. 3(f) with Fig. 3(c) , we may notice the relationship between the load transfer and the longitudinal acceleration (velocity slope). The vehicle enters the first turn decreasing the speed (constant negative slope) and the front load suddenly increases due to the load transfer induced by the strong braking. After the first turn, the velocity is slightly increased (constant positive slope) as well as the load on the rear. Entering the second turn, the vehicle reduces its speed again and then accelerates out again.
It is worth noting in Fig. 3(f) how the LT-CAR load transfer follows accurately the virtual vehicle load transfer except for a high frequency oscillation (probably due to the suspensions transient). We stress the fact that there is an accurate prediction of the load transfer although the LT-CAR does not have a suspension model.
C. Constant Speed Maneuver on Real Testing Track
In this test, the desired maneuver consists of following a real testing track, Fig. 4(a) , at a constant speed v = 30 m/s. 1 In particular, we choose a desired speed that in the last turn gives a lateral acceleration exceeding the tire limits. For this reason, we compute the desired curve as the quasi-static trajectory of the LT 2 -CAR model. It is worth noting that, although the desired curve is chosen according to the LT 2 -CAR model, the optimization strategy is applied to the actual model, thus providing a trajectory satisfying the nonlinear tire limits.
The exploration strategy for this maneuver is as follows. To morph to the desired curve, we start with a speed of 25 m/s and increase the velocity profile of 1 m/s at each step. For each speed value, we compute the desired curve as the quasi-static trajectory of the LT 2 -CAR model on the track. The exploration strategy thus follows the usual steps.
In Fig. 4 the optimal trajectory of the LT-CAR model (solid green) is compared with the desired curve (dash blue) and with the optimal trajectory of the bicycle model (dash-dot red). The comparison with the bicycle model confirms the importance of including the load transfer. Indeed, the behavior of the two models is significantly different in the braking and acceleration regions, Fig. 4(f) . In particular, in the last turn, the vehicle decelerates to satisfy the maximum acceleration limit. Notice that both of the two models achieve this limit [ Fig. 4(b) ]. However, the LT-CAR has to anticipate the breaking point and increase the value of the longitudinal slip with respect to the bicycle model [ Fig. 4(f) ]. This behavior is due to the load transfer-in the LT-CAR the weight shifts to the front axle, thus reducing the traction capability. The behavior is reversed in the acceleration region. Notice that to achieve the maximum lateral force (i.e., the tire forces are saturated), the LT-CAR requires a lower sideslip angle, but a higher steer angle, Fig. 4(d) and (e). Next, we comment on an interesting phenomenon happening in the last turn. In the first straight portion [highlighted with 1 in Fig. 4(a) ], the vehicle moves to the right of the track to reduce the path curvature when entering the turn. To generate the required lateral forces in the turn (portion 2) the tires have a high sideslip angle, Fig. 4(d) . When the car starts to exit the turn (portion 3), the lateral forces on the tires decrease, so that the longitudinal slip can increase, Fig. 4(f) , to regain the desired constant speed.
V. CONCLUSION
In this brief, we studied the problem of exploring the dynamics of a single-track car model including tire models and load transfer. For this model, we characterized the equilibrium manifold on the entire range of operation of the tires. As main contribution of this brief, we provided a strategy, based on nonlinear optimal control techniques and continuation methods, to explore the trajectories of the car model. The proposed exploration strategy provides an effective approach for exploring the limits of the vehicle.
Future research directions include the development of simplified two-track models (including lateral load transfer), and
